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Abstract
This paper deals with the study of makespan optimization for the flow-shop production
systems with or without infinite buffers between machines. Two scheduling algorithms are
presented. They are based on several ideas from global optimization for continuous functions. In particular, Ψ-transform technique is employed. This is a very interesting research
direction to find heuristics with solid theoretical foundations and with a possibility to estimate subsequently their error. Consequently, problems of real size and actual complexity
can be dealt with a certain confidence in the quality of the results. The algorithms proposed
include also the Petrov matrix and the Gilmore-Gomory methods. The efficiency of the algorithms proposed is illustrated with numerical tests on examples known in literature and
on randomly generated tests.
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Introduction

ods are promising, but they are often as complex as
exact methods [2]. Hence, the methods used in practice are generally heuristics. Quite often, they give
good results, but it is difficult to estimate the error
of these results. In addition, a lot of them have only
intuitive foundations.
One very interesting research direction in this domain is then to try to find heuristics with solid theoretical foundations and with a possibility to estimate subsequently their error [3]. This would let us
deal with problems of real size and actual complexity
with a certain confidence in the quality of the results.
From this prospective, a particular interest is placed
on continuous optimization methods which have a
strong mathematical basis and which could lead to
interesting result for combinatorial optimization by
analogy.
In this article, some results of the application of
such an approach for the well known problem of the
permutation flow-shop are presented. Two continuous optimization methods have been used: gradi-

Many optimization problems in production management and industrial logistics can be expressed as
scheduling problems. Different types of scheduling
problems exist, but it is well-known that these are
hard to solve due to the combinatorial explosion of
possible solutions.
Generally speaking, existing scheduling methods
can be classified into three major categories: exact
methods, ε-approximate methods and heuristics. Exact methods give optimal solutions, but they are
usually developed for theoretical cases, for instance
single-stage systems [1]. It has been demonstrated
that for cases close to industrial reality, these problems are NP-hard. Therefore, there do not exist exact methods that find optimal solutions in a reasonable time. ε-approximate methods can find a solution
which is not necessarily optimal, but they are within
a distance smaller than ε from the optimal solution.
The maximal error ε is fixed a priori. These meth19
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ent method and Ψ-transform method. These methods and a basic heuristic are presented in Sec. 2.
In Secs. 3 and 4 their applications on two different
problems are considered: flow-shop systems with and
without intermediate unlimited buffers. Section 3
presents the makespan minimization problem for
a flow-shop with infinite intermediary buffers. Section 4 shows how the same approach can be used for
a flow-shop without buffers.

Basic methods
The methods will be considered in the following
order. Firstly a heuristic to optimize the permutation flow-shop will be presented. Then, a gradient
method in its discrete modification which is called
the sequential search method will be explained. Finally, an estimation of the optimization errors will
be proposed. This estimation is based on the results
obtained in the Ψ-transform method. Concluding remarks will follow.
A heuristic for makespan optimization
in flow-shop scheduling
The permutation flow-shop can be described in
the following way. At time t0 arrives a set N =
{1, 2, . . . , n} of parts on the production line which
contains m machines. The duration tij ≥ 0 of handling each part j ∈ N by each machine i, i = 1, . . . , m
are assumed to be given. Each machine i handles all
parts in the same order given by the permutation
π = (π1 , π2 , . . . , πn ), πj ∈ N .
It is assumed, that even if tij = 0, part j will be
handled by the machine i but for a negligible time.
The permutation π 0 , which leads to the minimal time
of handling all parts, needs to be found.
Minimizing makespan is equal to minimizing
completion time Cmax (π): the overall time which is
needed to handle all parts. Most of the heuristics
used to optimize this flow-shop scheduling problem
are based on the method developed by S.M. Johnson
[4] which gives an exact solution for two machines.
An analysis of the influence of Johnson’s ideas can
be found in [5]. Please see also [6–9] and [10]. Many
others results have also been stated, but perhaps less
known, by the Soviet scientific school [11].
In this paper, our work is based on some results
mostly unknown in the wider scientific community.
Petrov V. [12, 13] has proposed to use the Johnson method for m > 2 machines by considering two
“dummy” machines:
PjI :=

s
X
i=1

20

tij

and PjII :=

m
X

i=s+1

tij ,

(1)

where s = m/2, PjI is the processing time for the part
j on the first machine, PjII is the processing time of
the part j on the second machine. Lvov [14] split the
sets of machines into two subsets, not only once but
m − 1 times. This with its numerous modifications
was known in the former USSR as the Petrov matrix
method. In the western countries, a similar approach
is better known as the CDS method [15].
In this article, the modification of the Petrov matrix method, presented in Algorithm 1, is used. It was
shown that this is the best known extension of the
Petrov method [16].
Algorithm 1:
i) for each s = 1, 2, . . . , m − 1, build “dummy” machines and compute PjI (s) et PjII (s) according to
formulae (1);
ii) compute λj (s) = PjII (s) − PjI (s);
iii) generate the set J1 = { j | λj (s) ≥ 0, j ∈ N };
iv) generate the set J2 = N \J1 ;
v) find the permutations π I (s) by first ordering the
elements of J1 in the PjI (s) increasing order,
then the elements of J2 in the PjII (s) decreasing order;
vi) find a permutation π II (s) by ordering the elements of the set N in the λj (s) decreasing order,
j ∈ N;
vii) find the best permutation π ∗ according the formula:
π ∗ := arg min
s=1,2,...,m−1





Cmax π I (s) , Cmax π II (s) .

In Algorithm 1, at step v) if some elements have
the same value for PjI (s) or PjII (s), then the order will be defined according to the decreasing order of λj (s). At step vi), if some elements have the
same value λj (s) and if λj (s) ≥ 0, the elements are
arranged in increasing order of the PjI (s), otherwise
(λj (s) < 0) in decreasing order of the PjII (s).
Finally, if m is an odd number, then for s =
⌈m/2⌉ the formulae (1) will be replaced in Algorithm 1 by the next formulae:
PjI :=

s
X

tij

and PjII :=

i=1

m
X

tij ,

(2)

i=s

where ⌈k⌉ means the integer value greater than or
equal to k.
Sequential search method
The gradient method – see, for example, [17] –
proved its efficiency for the resolution of the problems
of the nonlinear programming. The idea to use it in
discrete optimization belongs to Feigin [18]. In the
Volume 1 • Number 4 • December 2010
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discrete modification of the gradient method, the decision variables are modified one by one. Firstly, the
variable which highly modifies the objective function
is incremented until the objective function remains
unchanged, the other variables staying fixed. Then,
the variable which has just been modified is set at
its last value and the incrementing process starts for
another variable (which modifies the objective function the most at this point), and so on. This method
is called the sequential search method.
For the permutation flow-shop problem, the sequential search method cannot be applied directly.
In the permutations, it is not possible, as in a vector,
to change one component without changing another.
Only some exchanges are possible. The modifications
of the sequential search method, presented in Algorithm 2, are then used.
Algorithm 2:
i) k = 1, study the possible exchanges between
the component πk and the components πd , d =
k + 1, k + 2, . . . , n, by computing each time the
value Cmax (π|πk ↔ πd );
ii) repeat step i) for k = 2, . . . , n − 1 starting for
each k from the initial permutation π;
iii) find the value for k and d for which the gain is
maximum (i.e. Cmax (π|πk ↔ πd ) is minimum);
iv) form a new permutation π by exchanging πk and
πd ;
v) repeat steps i)–v) while Cmax decreases;
where πk ↔ πd means that in the permutation π the
k-th and d-th components have been exchanged. At
each iteration, this algorithm compares (n2 − n)/2
permutations where each component is in all the
possible positions. For instance, for n = 3 and
π = (2, 1, 3), the studied permutations are:
(3, 1, 2)
(1, 2, 3)
(2, 3, 1).
Error estimation based on the discrete
Ψ-transform method
The initial idea of the Ψ-transform method has
been proposed by Chinchinadze [19] for continuous
functions. The idea is to substitute an objective function F (X) with several arguments and various local
optimums by a continuous function Ψ(ξ) with one
argument and with only one optimum.
Let us define a set:
E(ξ) = {X | F (X) ≤ ξ, X ∈ D}
(3)
X = (x1 , x2 , . . . , xn )
with the characterization function Θ(X, ξ),
Volume 1 • Number 4 • December 2010

Θ(X,ξ) =



1, if X belongs to E(ξ),
0, otherwise,

(4)

then, the function Ψ(ξ) is defined as a normalized
weighted value of the set E(ξ) on the domain D:
Z
Ψ(ξ) =
Θ(X, ξ) dX
(5)
D

Ψ(ξ) is a continuous strictly increasing function
which is equal to zero at the following points:
ξ ≤ ξ∗,

ξ ∗ = min F (X).

(6)

X∈ D

For combinatorial problems, the function Ψ(ξ)
can be statistically estimated [20, 21] with L random
simulations of the vector X. In this case, in order to
estimate the optimization error, a result concerning
the confidence interval for ξ ∗ can be used. Indeed,
Boender et al. [22] have shown that, if there exists
positive constants r and χ such that:
lim

ξ−>ξ ∗

Ψ (ξ)
1/r

(ξ − ξ ∗ )

=χ

then, asymptotically (L →∝)

h⌣
i
Prob ξ ∗ ∈ F , F1 = p,

(7)

(8)

F2 − F1
,
(9)
p1/r − 1
where F1 , F2 are respectively the smallest and the
nearest to the smallest values of objective function
F (X); p is the confidence probability.
Ofitserov [16] has shown that for combinatorial
problems and for r = 1:
⌣

F = F1 −

lim ∗

ξ−>ξ

Ψ (ξ)
1
=
× | E (ξ ∗ ) | .
∗
(ξ − ξ )
|D|

(10)

Then, the value ξ ∗ of the global minimum of the
objective function F (π) = Cmax (π) is estimated as
follows:


1
F2 − F1
∗
ξ = F1 +
−1
(11)
d
(1/p − 1)
then, the proposed error of the solution will be:
F1 − ξ ∗
εb =
,
(12)
ξ∗
where d is a parameter which gives us the ability to vary value ξ ∗ within the confidence interval,
1 ≤ d ≤ n.

Flow-shop with infinite buffers
In this section, it is shown how the methods explained in the previous section can be used for permutation flow-shops with infinite buffers between
machines.
21
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Problem statement
Presence or absence of the infinite buffers is essential for the process of handling parts. For instance,
if buffers are not present in the system, part πj can
not leave machine i, 1 ≤ i ≤ m − 1, until part πj−1
has left machine i + 1; therefore, machine i will be
blocked and will not handle any other part.
In the system with infinite buffers, the length of
schedule F (π) = Cmax (π) of handling n parts by the
m sequential machines (were π is a permutation of
the serial number of the parts) can be found as a solution of recurrent statement:

Ti,πj = ti,πj + max Ti−1,πj , Ti,πj−1 ,
(13)
F (π) = Cmax (π) = Tm,πn ,

(14)

where T0,j = 0, Ti,π0 = 0, i = 1, 2, . . . , m, j ∈ N .

the sequential search is constant. Experiments show
that this number is proportional to n.
This algorithm was used to solve some test examples. The parameter d from statement (11) was taken
to equal to 1, that means, for all test examples, the
values δ = (ξ ∗ − F0 )/F0 100% and ε = (F ∗ − F0 )/F0
100% are equal (where F ∗ is the value of the objective function F (π) obtained by the appropriate algorithm and F0 is the optimal value of the objective
function). Ten test examples in which the number of
machines m changes from 2 to 10 with fixed n = 10
have been solved. In these examples, duration tij of
processing part i at the machine j were generated as
random values in [1..9]. In addition, we solved the
test example which was considered in the paper [23]
with m = 12 and n = 12. Results have been placed
in Table 1.

Optimization algorithm
An approximate algorithm for constructing optimal schedules to minimize the completion time was
developed on the basis of the Petrov matrix method,
the method of sequential search and the discrete Ψtransform method. The method suggests splitting
the set of machines into two subsets m − 1 times.
The best schedule is selected. Then, this permutation is used as input for the method of sequential
search.
Algorithm 3:
i) apply Algorithm 1 (heuristic based on the Petrov
matrix method);
ii) apply Algorithm 2 (a modification of the sequential search method);
iii) find εb according statement (12).
Let us notice that in order to do the step iii) of
this algorithm, it is necessary to calculate the value
F2 at the steps i) and ii).
Efficiency of the algorithm
The complexity of Algorithm 3 is the complexity to compute the parameters PjI , PjII , λj , j =
1, 2, . . . , n plus that of the sequential search method.
A computation of those parameters can be done in
(m + 1)n + n log n operations, applied m − 1 times.
Thus, the complexity of Algorithm 3 does not exceed
O(m2 n + nm log n) operations. For each iteration of
Algorithm 3, (n2 −n)/2 permutations are performed.
The computation of statement (13) can be done in
O(m n) operations. The sequential search complexity is O(m n3 ). The global complexity of Algorithm 3
is finally less than O(m2 n + mn3 ). These calculi are
done under the hypothesis that the number of calls at
22

Table 1
Relative errors compared with the optimal schedule in the
case of flow-shop with buffers.
Error
Error
of the matrix
of the proposed
Examples
method, %
algorithm, %
2
0
0
3
0
0
4
10.3
0
5
11
1.4
6
5.2
0
7
8.5
0
8
7.2
1.2
9
10
0
10
9.2
2
12
8.6
2.7
ε, %
7.0
0.73

Here ε = (1/10)(

10
P

εm + ε12 ); εm is the relative

m=2

error of the solution with respect to the optimal value
of the function (13)–(14) obtained by using a branch
and bound method with a given m; ε12 is the error
compared to the solution given by Artomonov [23].
In the work of Petrov [12], it was shown that the
average error of the matrix method is no more than
10%. In the publication of Lvov [14], the average error has been reduced to 5%. Results of numerical
experiments shows that using the sequential search
method in the last stage of the proposed algorithm
reduces the average error to 1% (see Table 1).

Flow-shop without buffers
The same approach used in Sec. 3 is employed
here; but, this time, for flow-shops without buffers
between the machines.
Volume 1 • Number 4 • December 2010
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Problem statement
In flow-shops without buffers, for a given permutation π of the parts, the schedule length Cmax (π)
of processing all n parts by m sequential machines,
can be found as a solution of the following recurrent
statement:
Ti,πj = ti,πj +

+ max Ti−1,πj , Ti+1,πj−1 − ti+1,πj−1 ,
F (π) = Cmax (π) = Tm,πn ,

(15)
(16)

where i = 1, 2, . . . , m, j ∈ N , T0,πj = 0 and
Ti,π0 − ti,π0 = 0,

(17)

Tm+1,πj−1 − tm+1,πj−1 = Tm,πj−1 .

(18)

Optimisation algorithm
An approximate algorithm (see Algorithm 4) for
constructing optimal schedule for such a flow-shop is
developed on the same basis as in Sec. 3, but instead
of the Petrov matrix method, the Gilmore-Gomory
algorithm is used [24].
Algorithm 4:
i) for each s = 1, 2, . . . , m − 1, build two “dummy”
machines and compute PjI et PjII according to
the formulae (1)–(2);
ii) apply the Gimore-Gomory algorithm for each result obtained at step i);
iii) choose the best
 permutation
π ∗ := arg min F (π (s) ) ;
iv) apply Algorithm 2 with the initial permutation
π∗ ;
v) find εb according to statement (12).
The use of the Gilmore-Gomory algorithm is justified by the fact that for m = 2 the absence of waiting time is equivalent to the lack of buffers [25].
Efficiency of the algorithm
The Gilmore-Gomory algorithm gives an optimal schedule, for two machines without a buffer in
between, in O(n2 ) operations. In the work of Papadimitriou and Kanellakis [26] the complexity of
this algorithm was reduced to O(n log n) by the use
of a more efficient algorithm to search the minimal
cost spanning tree inside the Gilmore-Gomory algorithm.
Algorithm 4 complexity is defined by both the
complexity of the objective function (15)–(16) computation and the complexity of the Gilmore-Gomory
and sequential search procedures. The computation
of function (15)–(16) can be done in the less time
than O(m n2 ). Then, the sequential search procedure needs only O(m2 n3 ) operations. If it is admitVolume 1 • Number 4 • December 2010

ted that Gilmore-Gomory procedure complexity is
O(n log n), then Algorithm 4 complexity is not more
than O(m2 n3 ).
But this algorithm can become of an exponential
complexity because, for m = 2, the Gilmore-Gomory
method can provide several optimal solutions. As
these solutions are no longer optimal for m > 2, it
will be necessary to try all of them to find the best
one. In the worst case, it will need n! calculations.
This algorithm was used to solve some sets of test
examples. For these examples, the number of parts
is equal to 4, 5, 6 while m = 6. Processing times
were the same as in the previous cases (see Subsec. 3.3). For these examples, we obtained optimal
values of objective function (15)–(16). Optimality of
these values was proven by a complete enumeration
of all available n! permutations. Results are reported
in Table 2.
Table 2
Comparative results for the examples in the case of flow-shop
without buffers.
s = m/2
s = 1, 2, . . . , m − 1
n
ε
Np N0 N ∗
ε Np N0 N ∗ Ng
4
4.9
2
1
0
0
10
6
6
3
5
3.9
7
2
0
0
26
15
3
3
6
0
11
4
3
0
72
30
3
1

Here ε is the relative error of the solution (in %);
Np is the overall number of permutations; N0 is the
number of different permutations from Np ; N ∗ is the
number of optimal permutations from Np ; Ng is the
number of global minima of the objective function
(15)–(16); s is the number of machines in the first
set of the partition, i.e. m–s machines are in the second set.
The results in Table 2 are those obtained before
the application of the sequential search method. Table 2 shows that Np increases exponentially with the
increase of n. A great number of permutations is doubled (N0 ≈ Np /2). This allows us to propose a modification that brings this algorithm under a polynomial complexity. This modification is the following:
do not study all the possible combinations when the
Gilmore-Gomory algorithm gives several equivalent
solutions. For this, at step ii) in Algorithm 4, a simple rule is applied:
i) if there are two values for PjI or PjII which are
equal, then they will be ordered according the
value of j;
ii) if in the multi-graph there are two arcs with the
same weight, then the one with the smallest number will be included in the minimal cost spanning
tree.
With the application of this rule, the results obtained are the same as those presented in Table 2, ex23
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cept for n = 6 where the error became 13%. This error was eliminated by the application of the sequential search method. It can be concluded that the complexity of Algorithm 4 can be limited to O(m2 n3 )
without a perceptible degradation of the results.

Conclusion
An interesting way for solving scheduling problem was explored in this paper. The goal was to
find heuristics with solid theoretical foundations and
with a possibility to estimate subsequently their error rate. The approach developed is based on some
idea of global optimization for continuous functions.
In addition, some new techniques inspired from Ψtransform were used.
The approach proposed in this paper was tested
on several random generated examples as well as on
examples from literature. The numerical results show
a relative efficacity of the techniques proposed. The
improvements obtained for heuristics used is interesting. From the results of the experiments presented,
it follows that the algorithms developed are effective
and can be used to solve scheduling problems in production and logistics.
Evidently, this work is limited to some specific algorithms and need to be expanded to a broader field
and tested on a larger set of benchmarks as well as
on real life cases.
The authors thanks to Chris Yukna for the help
in English.
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